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Abstract
In dimensions 2 and 3, the sizes of the congruence classes of matrices over a 0nite 0eld of
characteristic 2 are determined. This complements the authors’ earlier solution of the correspond-
ing problem in odd characteristic.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In the recent paper [4] the authors have determined the sizes of the various congru-
ence classes of (2×2) and (3×3) matrices over a 0nite 0eld K =Fq of odd character-
istic. Equivalently, these are the sizes of the isometry classes of general bilinear forms
over K in dimensions 2 and 3. The present paper completes that study by solving
the corresponding problem in characteristic 2 (q even). We recall that a matrix P in
the general linear group GLn(K) acts on the right on the ring Mn(K) of all (n×n)
matrices via A →PtAP and that the congruence classes are by de0nition the orbits of
this action.
The method employed in [4] rests on decomposing a matrix into its symmetric and
antisymmetric parts, and as such is speci0c to characteristic =2. In order to deal
with the case of q even we must proceed otherwise, and employ a di?erent set of
congruence representatives. We shall in fact use those of the paper [2], or rather a slight
simpli0cation of them. Although our interest is primarily to solve the even characteristic
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case, the approach taken here works over any 0nite 0eld. There is little extra work
involved in treating the odd case as well, and we do this in tandem with the even
case. The results, of course, corroborate those of Corbas and Williams [4] and we
leave the reader to determine the correspondence between the two sets of
representatives.
2. The (2×2) case
Throughout, K will denote the 0nite 0eld Fq of q elements. If q is odd, then K∗2 has
index two in K∗ and we let  be a 0xed non-square. It is also convenient to introduce
the multiplicative quadratic character 	 :K→{0;±1} given by 	(0)=0; 	(x)=1 (x∈
K∗2); −1 (otherwise). If q is even, then the additive homomorphism ’ :K→K; x →
x2+x has kernel {0; 1}. Hence the image  is a subgroup of index two in K and we
choose an element  =∈. We introduce the additive character  :K→{±1} given by
 (x)= 1 (x∈); −1 (x =∈). This technique was used in [3].
The following lemma is fundamental:
Lemma 1. (i) Let ∈K∗. Then the number of solutions (a; c)∈K2 of the equation
a2 + c2 = 1 is q− 	(−) (q odd); q (q even).
(ii) Let ∈K . Then the number of solutions of a2 + ac + c2 = 1 is q − 	( 14 − )
(q odd;  = 14); 2q (q odd ; = 14); q−  () (q even).
Proof. (i) When q is odd, this is standard elementary number theory: see [6, Chapter 8]
and we omit the proof. It may also be interpreted as the order of the special orthogonal
group SO2 for the quadratic form 〈1; 〉 [1,4]. If q is even, then c∈K may be arbitrary,
and there is then a unique a such that a2 = 1− c2.
(ii) Let q be odd. If  = 14 , we may complete the square and the result follows
from the 0rst part. If = 14 , the equation becomes (a +
1
2 c)
2 = 1, which clearly has
2q solutions. Now let q be even. There is one solution (1; 0) with c=0. If c =0, the
equation may be written as (ac−1)2 + ac−1 = + c−2. This has two solutions for a if
s=  + c−2 belongs to = im’, none otherwise. Thus for each s∈ with s =, we
can solve s= + c−2 for c and obtain two solutions (a; c). So if ∈ the number of
solutions is 1 + 2(12 q− 1)= q− 1, but if  =∈ it is 1 + 2(12 q)= q+ 1.
Consider now the (right) action by congruence of GL2 on M2. We will use the
representatives for the congruence classes given in [7, Corollary 1]. For each of these
we may determine the stabilizer by setting =1 in the calculations of [7, Corollary 1,
pp. 294–295]. Thus for ∈K∗ the matrix
(
1

)
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has stabilizer{(
a ∓c
c ±a
)
: a2 + c2 = 1
}
and (

0
)
has stabilizer{(±1
c d
)}
:
The stabilizer of(
1
−1
)
;
is SL2, and for ∈K the matrix(
1 1

)
has stabilizer{(
a −c
c a+ c
)
: a2 + ac + c2 = 1
}
:
The same is true with = 14 for the matrix(
 2

)
:
From Lemma 1 we now deduce the next two theorems, which list the orders of the
various stabilizers and congruence classes.
Theorem 1. The sizes of the congruence classes in M2(Fq) (q odd) are given in
Table 1.
Theorem 2. The sizes of the congruence classes in M2(Fq) (q even) are given in
Table 2.
As a check on the arithmetic, the reader may verify in each case that the sum of all
the class sizes is q4, and the sum of the symmetric class sizes is q3, as should be.
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Table 1
Representative |Stabilizer| |Class|
(
0
0
)
|GL2| 1
(

0
)
(=1; ) 2q(q− 1) 12 (q2 − 1)
(
1

)
(=1; ) 2(q− 	(−)) 12 q(q− 1)(q+ 	(−))
(
1
−1
)
|SL2| q− 1
(
1 1

)
(∈K)
q− 	( 14 − ) ( = 14 )
2q (= 14 )
q(q− 1)(q+ 	( 14 − )) ( = 14 )
1
2 (q− 1)(q2 − 1) (= 14 )
(
 2

)
2q 12 (q− 1)(q2 − 1)
Table 2
Representative |Stabilizer| |Class|
(
0
0
)
|GL2| 1
(
1
0
)
q(q− 1) q2 − 1
(
1
1
)
q (q− 1)(q2 − 1)
(
1
1
)
|SL2| q− 1
(
1 1

)
(∈K) q−  () q(q− 1)(q+  ())
3. The (3×3) case
We begin by recalling the classi0cation into congruence classes given in [2].
Theorem 3. The distinct congruence classes in M3(K) are represented by
(i) q odd:
Symmetric:


0
0
0

;



0
0

;


1

0

;
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
1
1


; (=1; );
Asymmetric split:



1
−1

;



1 1


;



 2


;
Non-split:


 0 1
1
1

; (=0; 1; ; ∈K):
(ii) q even:
Symmetric:


0
0
0

;


1
0
0

;


1
1
0

;


1
1
1

;


0
1
1

;
Asymmetric split:



1 1


;
Non-split:


 0 1
1
1

;


 0 1
1
1 1

; (=0; 1; ∈K):
Theorem 3 requires some commentary, since we have made some minor changes from
the presentation in [2]. We consider several points:
(1) Recall 0rst that we call a (3×3) matrix split if it is congruent to the diagonal
sum of a (1×1) and a (2×2) matrix. In other words, the corresponding bilinear form
decomposes into two pieces, orthogonal to each other on both sides. Note that the
symmetric matrices are necessarily split.
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(2) The matrices in the main theorem of Corbas and Williams [2] have here been
replaced by their transposes, in keeping with [5].
(3) The (2×2) blocks in the asymmetric split types have been replaced by a simpler
set of representatives, as explained in [7, Remark following Corollary 1].
(4) When q is even, the non-split representatives


1 0 1
1 1
0

 and


1 0 
1
1 1


have been replaced, for reasons of uniformity, by


0 0 1
1
1

 and


 0 1
1
1 1

;
respectively. That these matrices are congruent to the originals is an immediate check
by row and column operations, where in the second case = −2. Observe that irre-
ducibility of X 2 + X + 1 is equivalent to  =∈.
We must now determine the stabilizers of each of the matrices in Theorem 3 under
the congruence action of GL3 on M3. It is convenient to establish several lemmas. The
0rst of these follows immediately from [4, Lemma 3]. In each case P1 is a (2×2)
block and F is of the appropriate size.
Lemma 2. (i) If ∈K∗ then
Stab


1

0

=
{(
P1
F g
)
: P1∈Stab
(
1

)
; g =0
}
:
Its order is 2q2(q− 1)(q− 	(−)) (q odd); q3(q− 1) (q even).
(ii) If ∈K∗, then
Stab



0
0

=
{(±1
F P1
)
: P1∈GL2
}
:
The order is 2q3(q− 1)(q2 − 1) (q odd); q3(q− 1)(q2 − 1) (q even).
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Note that
Stab

 1


;
was determined in the previous section.
Lemma 3. (i) If ∈K∗ and q is odd, then
Stab


1
1


=O3; ;
the orthogonal group of the quadratic form 〈1; 1; 〉. Its order is 2q(q2 − 1).
(ii) If q is even, then
Stab


1
1
1


is the set of

a b 1 + a+ b
c d 1 + c + d
1 + a+ c 1 + b+ d 1 + a+ b+ c + d


such that (1 + a)(1 + d) + (1 + b)(1 + c)= 1. The order is q(q2 − 1).
Proof. (i) The 0rst statement holds by de0nition, and the order is standard [1,4].
(ii) The stabilizer is the set of P such that PtP= I . If (x; y; z) is any row or column
we have x2 + y2 + z 2 = 1, or equivalently x + y + z=1, the characteristic being 2.
So the matrix has the form above. Moreover, orthogonality of any pair of columns
amounts to the same stated condition on a; b; c; d. The order is now a simple count.
Alternatively, observe that the elements above are in bijection with those of SL2.
Let us now write
J=
(
1
−1
)
:
For any P∈GL2 we have PtJP=(det P)J . In particular, as we have seen, J has
stabilizer SL2.
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Lemma 4. (i)
Stab
(
0
J
)
=
{(
a B
P1
)
: P1∈SL2
}
:
Its order is q3(q− 1)(q2 − 1).
(ii) If ∈K∗,
Stab
(

J
)
=
{(±1
P1
)
: P1∈SL2
}
:
The order is
2q(q2 − 1) (q odd);
q(q2 − 1) (q even):
Proof. If
A=
(

J
)
(∈K) and P=
(
a B
C P1
)
in the same block form, then the equation PtAP=A becomes(
a2 + CtJC aB+ CtJP1
aBt + Pt1JC B
tB+ Pt1JP1
)
=
(

J
)
: (1)
If B=(b; c), then comparison of the bottom right entries in (1) shows that b= c=0,
so that B=0 and (1) becomes(
a2 + CtJC CtJP1
Pt1JC P
t
1JP1
)
=
(

J
)
: (2)
Hence P1∈SL2; C =0 and a2 = . The lemma follows.
In the next lemma we will write
L=
(
1 1

)
and
M =
(
 2

)
:
Thus L− Lt = J .
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Lemma 5. (i)
Stab
(
0
L
)
=
{(
a B
P1
)
: P1∈StabL
}
:
If q is odd, the order is q2(q− 1)(q− 	( 14 − )) ( = 14); 2q3(q− 1) (= 14). If q is
even, it is q2(q− 1)(q−  ()).
(ii) For ∈K∗,
Stab
(

L
)
=
{(±1
P1
)
: P1∈StabL
}
:
If q is odd, the order is 2(q−	( 14−)) ( = 14); 4q (= 14). If q is even, it is q− ().
(iii) For all ∈K ,
Stab
(

M
)
=Stab
(

L
)
with = 14 .
Proof. If P stabilizes
A=
(

L
)
(∈K);
then it also stabilizes
A− At =
(
0
J
)
:
By Lemma 4,
P=
(
a B
P1
)
with
P1∈SL2;
and the equation PtAP=A becomes
 a2 aB
aBt BtB+ Pt1LP1

=
(

L
)
: (3)
Thus B=0; a2 =  and P1∈StabL. The form of the stabilizers in (i) and (ii) results
at once, and the orders follow from Theorems 1 and 2. As for (iii), we note that(

M
)
24 B. Corbas, G.D. Williams /Discrete Mathematics 257 (2002) 15–27
is congruent to

(
−1
L
)
with = 14 , and that the latter has the same stabilizer as(

L
)
:
We turn 0nally to the non-split matrices of Theorem 3. These are all covered by:
Lemma 6. Let
A=


 0 1
1
1 

 (; ∈K):
Then:
(i) If =0, then
StabA=




a c
a f
a−1

: a∈K∗; f∈K; c= (a− a−1)− 2f

 :
Its order is q(q− 1).
(ii) If  =0 and q is odd, then
StabA=




±1 c
−c ±1 f
±1

: c∈K; f=− 12 c(1± c)

 ;
the signs being linked. The order is 2q.
(iii) If  =0 and q is even, then
StabA=




1 c
c 1 f
1

: f∈K and c=0; −1

 :
The order is 2q.
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Proof. If P stabilizes A, then it also stabilizes
A− At =


1
0
−1

:
Interchanging the 0rst two rows and columns transforms this to(
0
J
)
;
hence, by Lemma 4, P is of the form
P=


a 0 c
d e f
g 0 i


with e =0 and(
a c
g i
)
∈SL2:
Thus det P= e and calculating cofactors gives
P−1 =


i 0 −c
x e−1 y
−g 0 a

;
where x= e−1( fg− di) and y= e−1(cd− af ).
Now P stabilizes A if and only if PtA=AP−1, or in other words:

a g a+ d+ g
0 0 e
c i c + f + i

=


i − g 0 a− c
−g 0 a
x − g e−1 y + a

: (4)
This amounts to the conditions g=0; a= e= i−1; a= i; d= a2d=−c and
c + 2f= a−1cd + (a − a−1). It is now a simple exercise to unravel these equations
and obtain the lemma.
We have now found the stabilizers of all the matrices in Theorem 3. The class sizes
result by dividing their orders into |GL3(K)|= q3(q− 1)(q2 − 1)(q3 − 1). Hence:
Theorem 4. The sizes of the congruence classes in M3(Fq) (q odd) are given in
Table 3.
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Table 3
Representative |Stabilizer| |Class|


0
0
0

 |GL3| 1



0
0

 2q3(q− 1)(q2 − 1) 12 (q3 − 1)


1

0

 2q2(q− 1)(q− 	(−)) 12 q(q3 − 1)(q+ 	(−))


1
1


 2q(q2 − 1) 12 q2(q− 1)(q3 − 1)



1
−1

 q
3(q− 1)(q2 − 1)
2q(q2 − 1)
q3 − 1 (=0)
1
2 q
2(q− 1)(q3 − 1) ( =0)



1 1



q2(q− 1)(q− 	( 14 − ))
2q3(q− 1)
2(q− 	( 14 − ))
4q
q(q3 − 1)(q+ 	( 14 − )) (=0;  = 14 )
1
2 (q
2 − 1)(q3 − 1) (=0; = 14 )
1
2 q
3(q− 1)(q3 − 1)(q+ 	( 14 − )) ( =0;  = 14 )
1
4 q
2(q− 1)(q2 − 1)(q3 − 1) ( =0; = 14 )


 2


 2q3(q− 1)
4q
1
2 (q
2 − 1)(q3 − 1) (=0)
1
4 q
2(q− 1)(q2 − 1)(q3 − 1) ( =0)


 0 1
1
1

 q(q− 1)
2q
q2(q2 − 1)(q3 − 1) (=0)
1
2 q
2(q− 1)(q2 − 1)(q3 − 1) ( =0)
Here ∈K; =1;  and =0; 1; . There are 3q+ 16 classes.
Theorem 5. The sizes of the congruence classes in M3(Fq) (q even) are given in
Table 4.
Here ∈K and =0; 1. There are 2q+ 8 classes.
Once again, one easily checks in each case that the sum of all the class sizes is q9,
and the sum of the symmetric class sizes is q6.
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Table 4
Representative |Stabilizer| |Class|


0
0
0

 |GL3| 1


1
0
0

 q3(q− 1)(q2 − 1) q3 − 1


1
1
0

 q3(q− 1) (q2 − 1)(q3 − 1)


1
1
1

 q(q2 − 1) q2(q− 1)(q3 − 1)


0
1
1

 q3(q− 1)(q2 − 1) q3 − 1



1 1


 q2(q− 1)(q−  ())
q−  ()
q(q3 − 1)(q+  ()) (=0)
q3(q− 1)(q3 − 1)(q+  ()) (=1)


 0 1
1
1

 q(q− 1)
2q
q2(q2 − 1)(q3 − 1) (=0)
1
2 q
2(q− 1)(q2 − 1)(q3 − 1) (=1)


 0 1
1
1 1

 2q 12 q2(q− 1)(q2 − 1)(q3 − 1)
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